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In this work, we investigate additional signatures to support the tetraquark mixing framework that
has been recently proposed as a possible structure for the two nonets, namely a0(980), K
∗
0 (800),
f0(500), f0(980) in the light nonet, a0(1450), K
∗
0 (1430), f0(1370), f0(1500) in the heavy nonet.
First, we advocate that the two nonets form the flavor nonet approximately satisfying the Gell-
Mann–Okubo mass relation. Then we reexamine the mass ordering generated from the tetraquark
nonets and show that this mass ordering is satisfied by the two nonets although the ordering in the
heavy nonet is marginal. The marginal mass ordering however can be regarded as another signature
for tetraquarks because it can be explained partially by the hyperfine masses calculated from the
tetraquark mixing framework. The tetraquark mixing parameters are found to be independent of
isospins giving additional support for the formation of the flavor nonets. In addition, we discuss the
other approaches like two-quark pictures or meson-meson bound states, and their possible limitations
in explaining the two nonets. As a peculiar signature distinguished from other approaches, we
investigate the fall-apart coupling strengths into two vector mesons from our tetraquarks. Coupling
strengths into the two-vector modes are found to enhance strongly in the heavy nonet while they
are suppressed in the light nonet. The coupling ratios, which depend on the isospin channel, are
found to be huge around ∼ 15. This trend in the two-vector modes, which is opposite to that in the
two-pseudoscalar fall-apart modes, can provide another testing ground for the tetraquark mixing
framework. Some experimental evidences related to the phenomena are discussed particularly from
the resonances belonging to the heavy nonet.
I. INTRODUCTION
For the last decade or so, an increasing number of ex-
otic states reported from worldwide high energy facili-
ties has triggered great excitement in the hadron com-
munity especially because of the possibility that they
might be the long-sought multiquark states. These ex-
otic states include the pioneering resonance, X(3872) [1–
4] measured in the B-meson decays and other reso-
nances X(3823), X(3900), X(3940), X(4140), X(4274),
X(4500), X(4700) [5–9] as well. Also the pentaquark
candidates, Pc(4380), Pc(4450), have been reported in
Ref. [10] from J/ψp channel in the Λ0b → J/ψK−p de-
cay. Recently, Ref. [11] has reported the observation of
X(5568) from the D0 experiment at the Fermilab claim-
ing that this could be a tetraquark with four different
flavors because a molecular state composed of loosely
bound Bd and K mesons is disfavored due to the large
mass difference.
Theoretically, studies on tetraquarks in hadron spec-
troscopy are very diverse ranging from the light mesons
composed by u, d, s quarks, to the heavy mesons in-
volving charm and bottom quarks. Even for the heavy
mesons, the tetraquark investigation is further subdi-
∗ hungchong@kau.ac.kr
vided into various sectors such as hidden-charm [12–15],
open-charm [16], doubly charmed [17–21] and, triple [22]
or fully charmed [23–26], and the similar states with
bottom quarks. Eventually a unified approach for
tetraquarks is anticipated because all the constituent
quarks are bound by the color forces that are in prin-
ciple independent on quark flavors.
The most popular approach for tetraquarks is the
diquark-antidiquark model [27–29] proposed long ago by
Jaffe in his exploratory investigation of tetraquarks in
the light mesons. In this approach, the tetraquarks
are constructed by combining diquarks and antidiquarks.
Since diquarks and antidiquarks are colored, the result-
ing tetraquarks can form tightly bound states by direct
color forces. So the diquark is a sort of building block in
constructing tetraquarks. A common practice is to use
the spin-0 diquark with the color and flavor structures of
(3¯c, 3¯f) because this diquark is most attractive among all
the possible diquarks [30] if the binding is mainly driven
by the color-spin interaction. Famous candidates are
the light nonet consisting of a0(980), K
∗
0 (800), f0(500),
f0(980) [27–35].
However, in its extension to the tetraquarks contain-
ing heavy quarks, the possible diquarks are not limited
to the spin-0 diquark and different diquarks are often
adopted in the construction of tetraquarks. This is be-
cause of a possibility that the binding within a diquark
can be provided by other mechanisms different from the
2color-spin interaction. For instance, the color-electric in-
teraction can participate in holding the two quarks in a
diquark [18]. Indeed, people are looking for bound states
from doubly charmed (ccq¯q¯, q = u, d, s) [17–21], triple
(ccc¯q¯)[22] or fully charmed (ccc¯c¯) tetraquarks [23–26] in
the diquark-antidiquark approach even though the heavy
diquark, cc, cannot be the spin-0 diquark above 1. Ac-
tually, it is not clear whether the tetraquarks containing
cc can form a bound state or not [18, 19]. For exam-
ple, Ref. [24] suggested that ccc¯c¯ and bbb¯b¯ are unbound
while the fully heavy tetraquark with different quark fla-
vors, bcb¯c¯, is bound. The latter result can be understood
if one assumes the dominance of the color-spin interac-
tion because this interaction gives an attraction for the
diquark with different quark flavors.
Even in the light meson system composed by u, d, s
quarks, one can introduce a different diquark, namely
the spin-1 diquark with (6c, 3¯f ), and construct the sec-
ond type of tetraquarks [36–38] in addition to the first
type constructed from the most common spin-0 diquark
discussed above. The spin-1 diquark can be used as
a building block also because it forms a bound state
even though it is less attractive than the spin-0 diquark
above [30]. But the total binding, which is calculated by
summing over pairwise interactions among all the four
quarks, is found to be more negative so the spin-1 di-
quark must be considered as an important ingredient in
the formation of tetraquarks. The necessity of the spin-1
diquark is also supported by the QCD sum rule calcu-
lation for Ds(2317) using diquark-antidiquark interpo-
lating fields [39]. There, it is found that the interpo-
lating field containing the vector diquarks can describe
Ds(2317) equally well as the interpolating field contain-
ing the scalar diquarks.
The main aspect of Refs. [36–38] is that the two
tetraquark types, one type constructed from the spin-0
diquark and the other type from the spin-1 diquark, mix
strongly through the color-spin interaction. So the phys-
ical resonances can be identified by the eigenstates that
diagonalize the hyperfine color-spin interaction. This
tetraquark mixing framework is very promising as a pos-
sible structure for the two nonets in the review of Parti-
cle Data Group (PDG) [40], a0(980), K
∗
0 (800), f0(500),
f0(980) in the light nonet, a0(1450), K
∗
0 (1430), f0(1370),
f0(1500) in the heavy nonet. Indeed, this structure has
been tested relatively well in reproducing the mass split-
tings between the two nonets as well as the partial decay
widths into two pseudoscalar mesons [36–38].
On the other hand, one can try other approaches for
the two nonets in PDG. One immediate approach would
be a two-quark picture with orbital angular momentum
ℓ = 1. But, as we will discuss below, its simple applica-
1 Since the diquark flavor, cc, is symmetric, its spin and color con-
figurations are restricted either to (J = 1, 3¯c) or to (J = 0, 6c).
Both configurations are repulsive in color-spin interaction [30]
and they are clearly different from the spin-0 diquark above.
tions do not explain the two nonets especially in achiev-
ing a phenomenological consistency with the mass order-
ing. Another approach is the meson-meson bound states
separated with a long-range interaction. The hadronic
molecular picture composed by KK¯ or πη has been pro-
posed for f0(980), a0(980) [41–44]. This molecular pic-
ture is also actively investigated in the heavy meson sec-
tors including the recent exotic resonances [45–50]. As
hybrid type approaches, there is a two-quark picture with
hadronic intermediate states [51, 52] through the unita-
rized quark model. This approach has been extended to
generate the physical states belonging to the two nonets
dynamically from a single qq¯ state in each isospin chan-
nel [53, 54]. Other models also exist in the literature like
the tetraquarks mixed with a glueball [55], the P -wave qq¯
mixed with the four-quark qqq¯q¯ scalar nonet [56, 57], or
the tetraquarks including instantons [58]. Judging from
various approaches, the current status on the nature of
the two nonets is rather unclear and more studies are
necessary in order to establish a realistic picture for the
resonances being considered here. However, we believe
that our tetraquark mixing framework provides relatively
a simple picture and it may be worth pursuing further
consequences of this model.
In this work, we investigate additional signatures to
support the tetraquark mixing framework [36–38] as a
plausible structure for the two nonets in PDG, the light
and heavy nonets. First, we point out that the two
nonets satisfy the Gell-Mann–Okubo mass relation ap-
proximately, which may indicate that the two nonets
form the flavor nonets. Their tetraquark nature will be
justified by demonstrating that their mass ordering is
consistent with the tetraquark picture even though the
ordering is marginal in the heavy nonet. We argue how-
ever that the marginal mass ordering can be regarded as
another supporting evidence for our tetraquark mixing
framework because it can be explained partially by the
narrow splitting between the hyperfine masses calculated
from the tetraquark mixing framework. Further evidence
to support the flavor nonets can be seen from the fact
that the mixing parameters in generating the heavy and
light nonets are almost independent of the isospins. (see
the subsection III C below.)
As comparative models, we examine the other ap-
proaches for the two nonets, namely the two-quark pic-
ture with orbital angular momentum ℓ = 1 and the
meson-meson molecular picture. It will be pointed out
that the two-quark picture can have only one configura-
tion in the JP = 0+ channel, which is clearly not enough
to accommodate the two nonets in PDG. Its application
only to the heavy nonet is not realistic also due to the in-
consistency in the mass ordering. We discuss the meson-
meson picture as well and point out that this picture
requires the additional multiplets to be found in PDG.
One possible way to distinguish the tetraquark mixing
framework from these pictures would be the fall-apart
modes and their peculiar prediction from the light and
heavy nonets.
3Along this line, we study the fall-apart modes into the
two-vector channels from our tetraquark system by re-
combining quarks and antiquarks in the wave functions.
The color and spin factors as well as the flavor recombi-
nation factor will be calculated in detail. Because of the
tetraquark mixing framework, the coupling strengths to
the two vector mesons are found to be strongly enhanced
for the heavy nonet but they are suppressed for the light
nonet. This is in contrast to the fall-apart modes into
the two pseudoscalar mesons whose coupling strengths
are enhanced for the light nonet but suppressed for the
heavy nonet [37, 38].
This paper is organized as follows. After a brief review
on the tetraquark mixing framework in Sec. II, we give
additional supporting arguments in Sec. III in identify-
ing the two nonets as tetraquarks. In Sec. IV, we intro-
duce other models such as two-quark picture or meson-
meson molecule picture and discuss possible problems
with them. We then present our formalism for the fall-
apart modes of our tetraquarks into two vector mesons
in Sec. V and propose the interesting phenomenological
consequences in the fall-apart strengths that differentiate
between the light and heavy nonets. We summarize in
Sec. VI.
II. REVIEW ON TETRAQUARK MIXING
FRAMEWORK
To make our presentation self-contained, we begin by
a brief review on the tetraquark mixing framework ad-
vocated in Refs. [36–38]. There, we have demonstrated
that two tetraquark types are possible in the JP = 0+
channel within the diquark-antidiquark model. The first
type is constructed by using the spin-0 diquark with color
and flavor structures, (3¯c, 3¯f ). The second type is con-
structed from the spin-1 diquark with (6c, 3¯f). The spin
and color configurations of the two tetraquark types are
the followings.
First type :
|JJ12J34〉 = |000〉 , (1)
|1c3¯c3c〉 = 1√
12
εabd εaef
(
qbqd
)(
q¯eq¯f
)
, (2)
Second type :
|JJ12J34〉 = |011〉 , (3)
|1c6c6¯c〉 = 1√
96
(
qaqb + qbqa
)(
q¯aq¯b + q¯bq¯a
)
. (4)
Here the state specifications are for tetraquark, diquark,
and antidiquark successively. In particular, J denotes
the tetraquark spin, J12 the diquark spin, J34 the antidi-
quark spin. In our discussion below, the two tetraquark
types are denoted mostly by their spin configurations,
|000〉, |011〉 unless explicit specification of the color con-
figuration is necessary.
By construction, both tetraquarks have the same flavor
structure, namely they form a nonet which can be bro-
[su][d¯s¯] ∈ I = 1
[ud][d¯s¯]
[su][u¯d¯] ∈ I = 1/2
[ud][s¯u¯]
[ds][s¯u¯]
[ds][u¯d¯]
1√
3
{[ds][d¯s¯] + [su][s¯u¯]
1√
6
{[ds][d¯s¯] + [su][s¯u¯]− 2[ud][u¯d¯]} ∈ I = 0
1√
2
{[su][s¯u¯]− [ds][d¯s¯]} ∈ I = 1
Two states at the center :
+ [ud][u¯d¯]} ∈ I = 0
⊕
FIG. 1. Weight diagram for the tetraquark nonet with explicit
flavor wave functions. Here the bracket “[..]” denotes the an-
tisymmetric combination, for example, [su] = 1√
2
(su − us).
Note, the flavor structure is common for both tetraquark
types, |000〉 and |011〉.
ken down to an octet and a singlet (3¯f ⊗ 3f = 8f ⊕ 1f ).
Figure 1 shows a weight diagram for the flavor nonet
with explicit individual quark flavors 2. Another com-
mon features of the two tetraquarks are that the spin(J),
parity(P ), charge conjugation(C) are JPC = 0++ and
their isospins are restricted to I = 0, 1/2, 1.
Our claim in Refs. [36–38] is that the second tetraquark
type must be considered along with the first tetraquark
in the study of tetraquarks with JP = 0+ because they
mix strongly through the color-spin interaction [60–63],
VCS = v0
∑
i<j
λi · λj Ji · Jj
mimj
. (5)
Here λi denotes the Gell-Mann matrix for SU(3)c, Ji the
spin, mi the constituent quark mass. Because of this
mixing, the hyperfine masses, which are the expectation
values of the color-spin interaction with respect to |000〉,
|011〉, form a 2×2 matrix 3 for each isospin member. The
upshot of this mixing is that physical resonances can be
identified by the eigenstates that diagonalize this 2 × 2
matrix. Since the quark mass and the color-electric terms
are already diagonal almost proportional to the identity
matrix in |000〉, |011〉, the eigenstates of the hyperfine
masses diagonalize the full Hamiltonian approximately.
This tetraquark mixing framework can be represented
collectively by the formulas,
|Heavy nonet〉 = −α|000〉+ β|011〉 , (6)
|Light nonet〉 = β|000〉+ α|011〉 , (7)
2 One can easily construct this using a tensor notation. See
Ref. [59] for technical details.
3 To put this more precisely, one member belonging to |000〉 and
the other with the same flavor member belonging to |011〉 partic-
ipate in making a 2×2 matrix through the color-spin interaction.
4JPC I Meson Mass(MeV) Γ(MeV)
Light
0++ 1 a0(980) 980 50-100
nonet
0+ 1/2 K∗0 (800) 682 547
0++ 0 f0(500) 400-550 400-700
0++ 0 f0(980) 990 10-100
Heavy
0++ 1 a0(1450) 1474 265
nonet
0+ 1/2 K∗0 (1430) 1425 270
0++ 0 f0(1370) 1200-1500 200-500
0++ 0 f0(1500) 1505 109
TABLE I. Tetraquark candidates are listed here for the light
and heavy nonets collected from PDG [40]. Note that the
experimental masses are different from the numbers appearing
in the meson nomenclatures.
Light nonet 〈VCS〉 Heavy nonet 〈VCS〉 α β
a0(980) −488.5 a0(1450) −16.8 0.8167 0.5770
K∗0 (800) −592.7 K∗0 (1430) −26.9 0.8130 0.5822
f0(500) −667.5 f0(1370) −29.2 0.8136 0.5814
f0(980) −535.1 f0(1500) −20.1 0.8157 0.5784
TABLE II. Here are the hyperfine masses and the mixing
parameters, α, β, associated with the configuration mixing
[Eqs. (6),(7)] collected from Refs. [36, 38]. For the isoscalar
cases, we include the flavor fixing according to “Realistic
case with fitting (RCF)”. See Ref. [38] for details. Note
that the hyperfine mass ordering, 〈VCS〉I=1 > 〈VCS〉I=1/2 >
〈VCS〉I=0(8f ), is the same with the mass ordering in both
nonets. Here 〈VCS〉I=0(8f ) denotes the hyperfine mass of
f0(500) or f0(1370) depending on the nonets.
where the eigenstates, |Heavy nonet〉 and |Light nonet〉,
are identified by the two nonets in PDG. For the light
nonet, we take the lowest-lying resonances in JP = 0+,
a0(980), K
∗
0 (800), f0(500), f0(980). For the heavy nonet,
we take next higher resonances in JP = 0+, a0(1450),
K∗0 (1430), f0(1370), f0(1500). These two nonets are sep-
arated by huge mass gaps, more than 500 MeV or so,
and they are also well separated from the rest higher
resonances in JP = 0+. Their quantum numbers, exper-
imental masses and widths are listed in Table I. Table II
presents our results for the mixing parameters, α, β, and
the hyperfine masses calculated in the |Heavy nonet〉,
|Light nonet〉 bases [36, 38].
This tetraquark mixing framework leads to the inter-
esting outcomes which can support the tetraquark struc-
ture of the two nonets [36–38]. Here we list some of the
main results as the following.
1. One surprising result is the inequality among the
mixing parameters, α > β. This implies that the
light nonet members, a0(980), K
∗
0 (800), f0(500),
f0(980), have more probability to stay in the con-
figuration |011〉 rather than in |000〉. This result is
originated from the fact that the second tetraquark,
|011〉, is more compact than the first tetraquark,
|000〉, namely 〈011|VCS|011〉 < 〈000|VCS|000〉.
This is very different from a common expectation
that the light nonet is dominated by the configu-
ration, |000〉. But this result is supported by the
similar calculations [56] where this mixing was used
only to explain the small masses of the light nonet
without identifying the other states in the heavy
nonet.
2. Secondly, there is a strong mixing between |000〉,
|011〉 through the color-spin interaction. The mix-
ing term, 〈000|VCS|011〉, is found to be very large,
which, under the diagonalization of the hyperfine
mass matrix, separates physical hyperfine masses
by about 500 MeV or more between the two nonets.
(see Table II.) This is qualitatively consistent with
the huge mass gaps, more than 500 MeV or so, ex-
isting between the two nonets in PDG.
3. A more direct outcome that can be tested in ex-
periments is a peculiar characteristics in their de-
cay modes entirely from the tetraquark mixing
framework. When the two tetraquarks, |000〉,
|011〉, decay into two pseudoscalar mesons through
fall-apart mechanism, our mixing framework pre-
dicts that the relative coupling strengths are en-
hanced for the light nonet while they are suppressed
for the heavy nonet. In fact, this prediction is
tested very well in the isovector channel, a0(980),
a0(1450) [37] in comparison with their experimen-
tal partial widths.
III. FURTHER TETRAQUARK SIGNATURES
FOR THE TWO NONETS
Maybe one possible objection to the tetraquark mix-
ing framework is the assumption that the heavy nonet is
the tetraquarks with flavor nonet similarly as the light
nonet. To solidify this assumption, it is necessary to col-
lect all the tetraquark signatures. The quantum numbers
of the two nonets, JPC = 0++, I = 0, 1/2, 1, can be one
of the signatures because they coincide with those of the
tetraquarks |000〉, |011〉. But these quantum numbers
can be generated also from other pictures like a two-quark
picture with orbital angular momentum ℓ = 1 so they
are not the signatures exclusively for the tetraquarks.
More concrete signatures are the items 2,3 above which
say that the mass splittings and the fall-apart modes of
the nonet members are consistent with the tetraquark
mixing framework. In this section, we study additional
tetraquark signatures for the two nonets. The first part
presents that the two nonets really form the flavor nonets
with the mass ordering consistent with the tetraquarks.
The second part is to show that our tetraquark mixing
framework can explain partially the marginal mass or-
dering seen in the heavy nonet. In addition, we discuss
the mixing parameters from the tetraquark mixing frame-
work as additional signature for the tetraquark.
5A. Two nonets as tetraquarks with the flavor nonet
Let us begin by a discussion that the two nonets ac-
tually form the flavor nonets of SU(3)f . Apart from the
quantum numbers, JPC = 0++, I = 0, 1/2, 1, a more
direct sign to support the flavor nonet can be seen from
the Gell-Mann–Okubo(GMO) mass relation. Using the
experimental masses provided in Table I, we find that
the light octet satisfies the GMO relation, M2[a0(980)]+
3M2[f0(500)] ≈ 4M2[K∗0 (800)], within 14 percent 4. In
addition, f0(980) can be taken as another isoscalar be-
longing to the nonet simply because it is heavier than the
octet counterpart, f0(500). The heavy octet also satis-
fies the GMO relation, M2[a0(1450)] + 3M
2[f0(1370)] ≈
4M2[K∗0 (1430)], within 6 percent
5. The other isoscalar
f0(1500) is taken as a nonet member because it is heav-
ier than f0(1370). Therefore, the GMO relation pro-
vides a supporting evidence in taking the two nonets
in PDG as the flavor nonets of SU(3)f . Our selection
for f0(1370), f0(1500) may require further clarification
because alternative suggestion can be found in Ref. [55]
where f0(1500) is a light glueball mixed with tetraquarks
f0(1370), f0(1710). But the lattice calculation [64] sug-
gests that the scalar glueball is in good agreement with
the observed properties of f0(1710).
The GMO relation only shows that the two nonets form
the flavor nonets but it does not determine whether the
flavor nonets belong to a two-quark system or a four-
quark system. More important characteristics in iden-
tifying the two nonets as the tetraquark nonets is the
mass ordering among the nonet members. Here we re-
examine this mass ordering in detail by considering the
quark-mass contribution to the resonance masses.
Using the flavor wave functions given in Figure 1 while
assuming that mu = md 6= ms, it is straightforward to
evaluate the quark mass contribution,
∑
mq, to the mass
of each isospin member as
∑
m(I=1)q = 2ms + 2mu , (8)∑
m(I=1/2)q = ms + 3mu , (9)∑
m(I=0)q (8f ) =
2
3
(ms + 5mu) . (10)
In the last equation,
∑
m
(I=0)
q (8f ) denotes the quark
mass contribution to the isoscalar resonance belonging
to the flavor octet. Now, by imposing ms > mu, one
can establish the mass ordering among the quark mass
contributions,
∑
m(I=1)q >
∑
m(I=1/2)q >
∑
m(I=0)q (8f ) . (11)
4 For the f0(500) mass, we take the central value from the mass
range, 400 − 550 MeV, given in Table I.
5 Again, for the f0(1370) mass, we take the central value from its
experimental mass range, 1200 − 1500 MeV.
This ordering should be maintained for the octet masses
so that our tetraquarks have the mass ordering
MI=1 > MI=1/2 > MI=0(8f ) , (12)
among the octet members with definite isospins. This
mass ordering, commonly known as “inverted spectrum”,
is a unique characteristics of the tetraquarks clearly dis-
tinguished from a two-quark picture (qq¯) which generates
the opposite ordering, MI=1 < MI=1/2 < MI=0(8f ), like
the mass ordering seen in the pseudoscalar resonances,
mpi < mK < mη.
The other isoscalar member belonging to the flavor
singlet has not been listed in the ordering Eq. (12) be-
cause of the following reasons. Its mass MI=0(1f ) lies
between MI=1 and MI=1/2 if the ordering is governed by
the quark mass term. But the isoscalar masses can be
further modified by the flavor mixing. The flavor mix-
ing, as it separates strange quarks from up and down
quarks in the wave functions, raises the flavor singlet
mass, MI=0(1f ), while pushes down the flavor octet
mass,MI=0(8f ). However, even under the flavor mixing,
the ordering above, Eq. (12), is still maintained whereas
the position of MI=0(1f ) in the ordering is slightly ob-
scured.
For the light nonet, this mass ordering is clearly exhib-
ited through M [a0(980)] > M [K
∗
0 (800)] > M [f0(500)] as
one can see from Table I. The other isoscalar f0(980)
can be taken as a nonet member because it is heavier
than f0(500), K
∗
0 (800). In fact, it is well known that the
mass ordering provides a clear ground in identifying the
light nonet as tetraquarks [27, 28]. One may argue that
the light nonet masses are rather small to be a four-quark
state. But, as we showed in Table II, the hyperfine masses
for the light nonet calculated from the tetraquark mix-
ing framework are huge negative numbers in the range
−670 ∼ −490 MeV, so that they can qualitatively ex-
plain the smallness of the light nonet masses.
This mass ordering, Eq. (12), is also maintained in the
heavy nonet. The isovector member in the heavy nonet,
a0(1450), is slightly heavier than the isodoublet member,
K∗0 (1430), only by 50 MeV. K
∗
0 (1430) is heavier than the
isoscalar f0(1370) if its central value is taken from the
experimentally known mass range 1200−1500 MeV. (see
Table I.) So even though the mass ordering is marginal,
one can assume the heavy nonet as tetraquarks. Indeed,
our tetraquark mixing framework in Refs. [36–38], where
the heavy nonet is assumed to be tetraquarks, provides
nice phenomenological agreements in terms of mass split-
ting and decay strengths as summarized in Sec. II. How-
ever, because of the marginal mass ordering, the heavy
nonet may require further supports in treating its mem-
bers as tetraquarks.
B. Hyperfine mass ordering
A related issue to the mass ordering is the ordering
among the hyperfine masses which can support our iden-
6tification for the heavy nonet. As one can see in Table II,
our tetraquark mixing framework generates the hyperfine
masses which are ordered as 〈VCS〉I=1 > 〈VCS〉I=1/2 >
〈VCS〉I=0(8f ). This ordering holds for the two nonets.
Note that this hyperfine mass ordering is the same as
the mass ordering, Eq. (12). This means that the mass
ordering among the octet members is generated not only
by the quark masses but also by the hyperfine masses.
But the magnitude of the spitting among the isospin
members is quite different depending on the light and
heavy nonets. Their splittings in MeV unit obtained from
Table II are
Light nonet Heavy nonet
〈VCS〉I=1 − 〈VCS〉I=1/2 104.2 10.1
〈VCS〉I=1/2 − 〈VCS〉I=0(8f ) 74.8 2.3
.
From this, we see that the hyperfine masses contribute
to the mass ordering by 104 MeV or 75 MeV for the light
nonet but they contribute only by 10 MeV or 2 MeV for
the heavy nonet. That is, the hyperfine mass splitting
among the heavy nonet members is substantially nar-
rower than the splitting among the light nonet members
so subsequently the mass ordering in the heavy nonet
must be narrower by 94 MeV or 73 MeV. This narrow-
ing down in the hyperfine mass splitting can provide a
partial explanation on the marginal mass ordering seen
in the heavy nonet. Since this is a direct consequence of
the mixing formulas, Eqs. (6),(7), this result could be an-
other support for our tetraquark mixing framework that
has not been pointed out in our previous works [36–38].
But we admit that such a narrowing down in hyperfine
masses is not enough to explain the marginal mass order-
ing fully. For a full description, it may be necessary to
include a two-quark component in the heavy nonet and
its mixing with the tetraquarks in order to compensate
the additional gap by the opposite mass ordering gener-
ated from the two-quark component. But this program
may require anomalous interactions with the flavor deter-
minant as the two-quark and tetraquarks do not mix un-
der the color-spin or color-electric interactions. Anyway,
based on the successful aspects seen in the tetraquark
mixing framework, we expect that the two-quark contri-
bution is small. Nevertheless, this constitutes interesting
future works to do.
C. Mixing parameters
Another signature to support the flavor nonet from
the tetraquark mixing framework can be seen through
the mixing parameters, α, β in Eqs. (6),(7). The mixing
parameters, α, β, are fixed by the diagonalization of the
hyperfine mass matrix in each isospin channel. Their val-
ues, as they are determined in each isospin channel inde-
pendently, must depend on isospins in principle. But as
one can see in Table II, the sensitivity to isospins are very
small and in fact they are approximately close to the com-
mon values α ≈
√
2/3 = 0.8165, β ≈
√
1/3 = 0.5774.
The common mixing parameters are interesting given the
fact that the associated hyperfine masses have noticeable
dependence on isospins as one can see in Table II.
These common mixing parameters imply that the
members in each nonet, given by either Eq. (6) or Eq. (7),
are related by a SU(3)f rotation. For example, an isovec-
tor member can be obtained by a SU(3)f rotation from
an isodoublet member because both members are repre-
sented approximately by the same mixing parameters, α,
β. In other words, the left-hand sides of Eqs. (6), (7) form
nonets governed approximately by SU(3)f just like |000〉,
|011〉 do. This is quite consistent with the phenomeno-
logical fact that the two nonets in PDG form the flavor
nonets through the GMO relation or the mass ordering.
Therefore, our result from the common mixing parame-
ters provide another signature to support the tetraquark
mixing framework.
IV. OTHER PICTURES FOR THE TWO
NONETS
One may try different pictures other than tetraquarks
in explaining the two nonets. A two-quark picture(qq¯)
with ℓ = 1 is one simple scenario as this can generate the
same quantum numbers of the two nonets. Alternative
picture that is often discussed in the literature is hadronic
molecules of meson-meson bound states. In this section,
we discuss the other pictures how their predictions are
different from the tetraquark picture and what the pos-
sible problems are. So the purpose of the discussion here
is to give a more orientation toward a tetraquark descrip-
tion for the two nonets.
A. Two-quark picture with ℓ = 1
It is true that a two-quark(qq¯) picture with ℓ = 1 can
generate a nonet with the quantum numbers JP = 0+.
But we want to address that this picture does not fit
well to the two nonets in PDG. First of all, the number
of possible configurations with the qq¯ (ℓ = 1) picture is
restricted to one so that this picture cannot make the two
nonets in the JP = 0+ channel. More precisely, when the
spin of qq¯, which we denote by S, is combined with the
orbital angular momentum ℓ = 1, this picture generate
various nonets belonging to the total angular momentum,
J = 0, 1, 2, with the following configurations,
J = 0 : (S = 1, ℓ = 1), (13)
J = 1 : (S = 0, ℓ = 1), (S = 1, ℓ = 1), (14)
J = 2 : (S = 1, ℓ = 1). (15)
In this two-quark picture, the J = 0 nonet must cor-
respond to the two nonets in PDG but, as shown in
Eq. (13), we have only one configuration (S = 1, ℓ = 1),
obviously not enough to explain the two nonets listed in
PDG. So the two nonets in PDG cannot be explained by
the two-quark picture.
7ρ(770)
K¯∗(892)
K∗(892)
a0(1450)
K¯∗
0
(1430)
K∗
0
(1430)
∆M ≈ 116 MeV
Spin Orbit
(ℓ = 1)
∆M ≈ −50 MeV
FIG. 2. A schematic picture to generate the heavy nonet
when its members are viewed as orbital excitations of the qq¯
vector nonet.
Alternatively, one may adopt different pictures for the
light and heavy nonets. Specifically, one can assume that
the light nonet is pure tetraquarks while the heavy nonet
is described by a two-quark system with ℓ = 1. This as-
sumption is based on an observation that the light nonet
clearly exhibits a well-separated mass ordering consis-
tent with the tetraquarks while the heavy nonet has the
marginal ordering so that its tetraquark structure may be
slightly obscured. So, one may try a qq¯ (ℓ = 1) picture
only for the heavy nonet.
If the heavy nonet is viewed as a qq¯ (ℓ = 1), this
nonet must have the configuration (S = 1, ℓ = 1)
in making the states with the total angular momen-
tum, J = 0. This implies that the resonances in the
heavy nonet can be regarded as the states orbitally ex-
cited from the spin-1 vector mesons, ρ,K∗, ω, φ. Thus,
the heavy nonet masses relative to the lowest-lying vec-
tor nonet must be generated by the spin-orbit interac-
tion. Problems with this two-quark picture can be seen
from the mass gaps between the I = 1/2, I = 1 mem-
bers before and after turning on the spin-orbit interac-
tions. As shown in Figure 2, its gap in the lowest-lying
vector nonet is M [K∗(892)] − M [ρ(770)] ≈ 116 MeV,
with the isodoublet member being heavier. Obviously,
this mass ordering is driven by the strange quark be-
ing heavier than the up or down quark. On the other
hand, the corresponding mass gap in the heavy nonet,
M [K∗0 (1430)]−M [a0(1450)] ≈ −50 MeV, exhibiting that
the isovector member is heavier. To explain this, the
spin-orbit interaction must contribute very differently to
the I = 1, I = 1/2 members so that it even flips the mass
ordering established by the heavy strange quark mass.
We believe that this picture is not realistic for the heavy
nonet.
Another approach is to introduce a mixing framework
between the qq¯ (ℓ = 1) and the tetraquark picture. The
marginal mass ordering seen in the heavy nonet may have
a room for a two-quark component to be included. One
way to accomplish this is to introduce a mixing between
the qq¯ (ℓ = 1) states with the tetraquark (qqq¯q¯) states
in generating the two nonets in PDG. This is possible in
principle because one can construct a SU(3)f invariant
among the two nonets represented by effective hadronic
fields for the qq¯ and for the qqq¯q¯ [57]. But, as pointed
out by Ref. [55], the required mixing magnitude seems
unnaturally large given the fact that the very different
configurations are involved. In reality, the qq¯ (ℓ = 1)
states do not mix with the qqq¯q¯ states through the color-
spin and color-electric interactions which are, however,
believed to be the major interactions among quarks inside
hadrons.
B. Meson-meson picture
Another picture to describe the two nonets in PDG
is the meson-meson bound states where two colorless
mesons are bound by the color residual forces just like
a deuteron of proton-neutron system. This molecu-
lar states are expected to have less binding than the
tetraquarks whose binding is provided by direct color
forces between the two colorful objects, diquark and an-
tidiquark. Because of this, the meson-meson states, if
they exist, must form shallow bound states. This means
that the meson-meson bound states can be characterized
by their mass close to the sum of their constituent me-
son masses [45, 50]. A typical example along this line is
given by Ref. [48] where it is argued that the X(3872)
mass, which is close to the D0D¯∗0 threshold, may be an
indication of its molecular nature. One may adopt the
similar picture for the light and heavy nonet members.
In particular, f0(980), a0(980) in the light nonet may be
the shallow bound states of KK¯ [41–44] because their
masses are in the proximity of 2MK . Also for the heavy
nonet, one can build the shallow bound states from two
vector mesons whose total masses are not far from masses
of the heavy nonet members. But this molecular picture
may not be applied to all the members in both nonets.
For example, f0(500) in the light nonet is hard to be con-
sidered as a shallow bound state of ππ due to the large
mass difference.
In practice, the meson-meson picture tends to involve
model dependence as its description relies on some phe-
nomenological pictures such as one pion exchange poten-
tial. Binding mechanisms as well as the corresponding
energies may not be determined unanimously. So this
picture is difficult to be conclusive. Another problem
with the meson-meson picture is absence of the addi-
tional multiplets expected in the hadron spectrum. The
bound states from meson octet-meson octet form vari-
ous multiplets through the group multiplication, 8⊗8 =
27⊕ 10⊕ 10⊕ 8⊕ 8⊕ 1. The color residual forces that
bind these mesons are of the same type because the con-
stituent mesons are always in the color-singlet state of
∼ q¯aqa. In other words, the color residual forces do not
discriminate much in forming all the possible multiplets.
So, if this meson-meson picture works, we expect the ad-
ditional resonances with the higher isospins I = 2, 3/2
belonging to 27, 10 or 10 in addition to the two nonets
with I = 0, 1/2, 1. But this expectation is not supported
by the current PDG. Even the states with I = 0, 1/2, 1
need to be more numerous than what we currently have in
PDG as the higher multiplets can generate those isospin
states also. (see Table I in Ref. [38] for the 0+ resonances
8in PDG.) One possible resolution to this discrepancy can
be found from Ref. [65, 66] where the attraction in those
exotic channels, calculated through Weinberg-Tomozawa
term in the flavor SU(3)f symmetric limit, is not strong
enough to generate bound states. So the meson-meson
picture may have some room to accommodate the two
nonets still.
Our tetraquark mixing model has one common feature
with this meson-meson picture in that the tetraquark
wave functions also have two-meson channels which can
fall apart into either two pseudoscalar or two vector
mesons. The difference is that the two-meson channels
are only the part of the wave functions in the tetraquark
picture while they are the full component in the meson-
meson picture. In addition, the two-meson channels
are close to on-shell in the meson-meson picture while
they can be extended to off-shell in the tetraquark pic-
ture. More importantly, the tetraquark mixing model
predicts quite different coupling strengths for the two-
pseudoscalar modes depending on the light or heavy
nonet [37, 38]. This could be a unique consequence of the
tetraquark mixing framework generated by Eqs. (6),(7),
probably not present in the meson-meson picture as there
is no similar mixing mechanism. As we will examine be-
low in Sec. V, one can establish similar phenomena in the
two vector couplings with quite different characteristics.
Eventually, this type of studies can be used to determine
a realistic picture for the two nonets, meson-meson pic-
ture or tetraquark mixing picture.
V. FALL-APART MODES INTO TWO VECTOR
MESONS
Our tetraquark mixing framework can be succinctly
represented by Eqs. (6),(7). Due to the relative sign dif-
ference in the two equations, the two tetraquark types,
|000〉, |011〉, partially cancel in making the heavy nonet
while they add up in making the light nonet. This in
fact leads to an interesting phenomenon in the fall-apart
strengths into two pseudoscalar mesons [37]. Specifically,
the corresponding coupling strengths are suppressed for
the heavy nonet while they are enhanced for the light
nonet. In this section, we look for another signature
for the tetraquark mixing framework from the fall-apart
modes into the two vector mesons.
First, the appearance of two-meson states can be
demonstrated easily by rewriting the tetraquark wave
functions with respect to the quark and antiquark bases.
To illustrate this, let us label the tetraquarks in the
diquark-antidiquark picture as q1q2q¯3q¯4 and rewrite them
by recombining quarks and antiquarks into the 13- and
24-pair 6. This recombination in color space is schemat-
6 The other recombination into the 14- and 23-pair gives the same
fall-apart modes.
ically represented by
(q1q2q¯3q¯4)1c ∼ [8c13 ⊗ 8c24]1c + [1c13 ⊗ 1c24]1c . (16)
Here the notation such as 8c13 denotes the 13-pair of
quark-antiquark in the color octet. From this equation,
we notice that the tetraquarks have two components dif-
fered by the color configurations in the quark-antiquark
bases. The first component is composed by two pairs of
quark-antiquark, both belonging to 8c in forming a color-
singlet totally. The second component contains the two
pairs belonging to 1c.
It is this second component that corresponds to two-
meson modes which can fall apart into two mesons if
the decays are kinematically allowed. Specifically the
inner product of a two-meson state with Eq. (16) picks
out the same state from the second component with the
corresponding relative coupling determined by the color,
spin, and flavor recombination factors. Thus, to find the
relative strengths of the fall-apart modes, one needs to
calculate the numerical factors coming from color, spin
and flavor recombination separately in the second term
of Eq. (16). The purpose of this section is to provide
technical details in calculating possible modes and their
relative strengths in two vector channels.
A. Color and spin factors in the recombination
Let us start with the color factors in this recombination
of the tetraquark wave functions. To form two mesons in
the final states, the 13- and 24-pair in Eqs. (2), (4) must
be in a color-singlet state separately. By isolating the
color-singlet pieces, and substituting them into Eqs. (2),
(4), one arrives at the following replacements
1√
12
εabd εaef
(
qb1q
d
2
)(
q¯e3q¯
f
4
)
→ 1√
3
1c131c24, (17)
1√
96
(
qa1q
b
2 + q
b
1q
a
2
)(
q¯a3 q¯
b
4 + q¯
b
3q¯
a
4
)
→
√
2
3
1c131c24.(18)
This shows that the recombination color factor is
√
1/3
from the first tetraquark type, |000〉, and
√
2/3 from
the second tetraquark type, |011〉. An additional sign
expected from anticommuting fermion fields does not af-
fect our results because it changes only the overall sign
for both Eqs. (17), (18). Our results in the fall-apart
modes depend only on the relative signs.
One thing to point out is that the color recombination
factors are approximately close to the tetraquark mixing
parameters, α ≈
√
2/3, β ≈
√
1/3. If these numbers are
inserted in Eq. (6), the fall-apart modes almost cancel
eventually yielding zero coupling strengths to the heavy
nonet. Thus, as far as the color factors are concerned,
the fall-apart modes from the heavy nonet vanish approx-
imately. However, this expectation does not occur when
the additional factors coming from the spin recombina-
tion below are included.
9Next, we calculate the spin factors in this recombi-
nation. The first tetraquark has the spin configura-
tion, |JJ12J34〉 = |000〉. The diquark, since its spin
J12 and the spin projection M12 are zero, is in the
state, |J12M12〉 = |0, 0〉12. And the antidiquark is in
|J34M34〉 = |0, 0〉34. This means, the first tetraquark can
be written as
|000〉 = |0, 0〉12|0, 0〉34 , (19)
in terms of the diquark (antidiquark) spin and its projec-
tion. Since |0, 0〉12 = 1√2 [↑1↓2 − ↓1↑2], |0, 0〉34 =
1√
2
[↑3↓4
− ↓3↑4], one can rewrite |000〉 in terms of the individual
quark spinors as
|000〉 = 1
2
[↑1↓2 − ↓1↑2] [↑3↓4 − ↓3↑4] . (20)
The 13-pairs in the right-hand side can be expressed by
the definite spin states, |J13M13〉, as
↑1↑3 = |1, 1〉13 , (21)
↑1↓3 = 1√
2
[|1, 0〉13 + |0, 0〉13] , (22)
↓1↑3 = 1√
2
[|1, 0〉13 − |0, 0〉13] , (23)
↓1↓3 = |1,−1〉13 . (24)
The 24-pairs in Eq. (20) can be written similarly by its
spin states, |1, 1〉24, |1, 0〉24, |1,−1〉24, |0, 0〉24.
Putting all these into Eq. (20), we obtain the final
expression for |000〉 with respect to the spin states of the
13-, 24-pair
|000〉 = 1
2
[
|1, 1〉13|1,−1〉24 − |1, 0〉13|1, 0〉24
+|0, 0〉13|0, 0〉24 + |1,−1〉13|1, 1〉24
]
. (25)
The subscripts, “13” and “24”, denote quark-antiquark
pairs so each term in the right-hand side corre-
sponds to two-meson channels with the designated spin
states. The component, |0, 0〉13|0, 0〉24, corresponds to
two pseudoscalar mesons and other three components,
|1, 1〉13|1,−1〉24, |1, 0〉13|1, 0〉24, |1,−1〉13|1, 1〉24, corre-
spond to two vector-mesons distinguished by the spin
projections. These modes can be measured experimen-
tally if the invariant masses of two mesons are less than
the tetraquark masses. By defining the two pseudoscalar
and two vector parts as
PP = |0, 0〉13|0, 0〉24 , (26)
V V =
1√
3
[
|1, 1〉13|1,−1〉24 − |1, 0〉13|1, 0〉24
+|1,−1〉13|1, 1〉24
]
, (27)
one can rewrite Eq. (25) neatly as
|000〉 = 1
2
PP +
√
3
2
V V . (28)
The second tetraquarks have the spin configuration,
|011〉, containing spin-1 diquark and spin-1 antidiquark
with three possible projections. The four-quark state, as
its spin and projection are zero, can be expressed by the
spin states of diquark and antidiquark as
|011〉 = 1√
3
{
|1, 1〉12|1,−1〉34 − |1, 0〉12|1, 0〉34
+|1,−1〉12|1, 1〉34]
}
, (29)
including the relevant Clebsch-Gordan coefficients. The
rearrangement into the 13-, 24-pair can be done similarly
as before by using Eqs. (21), (22), (23), (24). Skipping
all the details, we simply write down the final expression,
|011〉 = 1
2
√
3
{
− |1, 1〉13|1,−1〉24 + |1, 0〉13|1, 0〉24
+3|0, 0〉13|0, 0〉24 − |1,−1〉13|1, 1〉24
}
=
√
3
2
PP − 1
2
V V . (30)
Similarly as Eq. (28), this 2nd tetraquark can couple to
two pseudoscalar mesons and two vector mesons also.
Comparing Eqs. (28),(30), one can see that the two-
pseudoscalar mode, PP , has the same sign in both equa-
tions but with different numerical factors. Substituting
Eqs. (28),(30) into Eq. (6), we see in the heavy nonet
that the cancelation still occurs for the two-pseudoscalar
modes but partially. For the light nonet, by insert-
ing Eqs. (28),(30) into Eq. (7), we see that the two-
pseudoscalar modes add up each other. This differ-
ence eventually makes the associate couplings to be sup-
pressed for the heavy nonet and enhanced for the light
nonet [37, 38].
On the other hand, the two-vector mode, V V , has the
opposite sign in Eqs. (28),(30). In this case, we find anal-
ogous results but with the opposite trend. Namely, the
two-vector modes add up in the heavy nonet enhancing
their associate couplings while they cancel each other
in the light nonet suppressing their couplings. So this
characteristics in the two-vector modes is clearly differ-
ent from the two-pseudoscalar modes.
By combining the color factors in Eqs. (17), (18), with
the spin factors in Eqs. (28), (30), we obtain the corre-
sponding factors for the two-vector modes
|000〉 → 1√
3
×
√
3
2
=
1
2
, (31)
|011〉 →
√
2
3
×
(
−1
2
)
= − 1√
6
, (32)
from the two tetraquark types. Inserting these into
Eqs. (6),(7), we finally obtain the necessary factors com-
ing from the color and spin recombination for the heavy
and light nonet respectively as
|Heavy nonet〉 → −α
2
− β√
6
, (33)
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|Light nonet〉 → β
2
− α√
6
. (34)
As one can see from the relative signs, the two terms add
up in Eq. (33) while the corresponding terms cancel par-
tially in Eq. (34). This form of the color and spin factors
is common for all the members in each nonet even though
α, β have slight isospin dependence as shown in Table II.
Therefore, as advertised, the two-vector modes are en-
hanced for the heavy nonet while they are suppressed for
the light nonet.
B. Flavor factors in the recombination
To find concrete two-meson channels, we now move to
the flavor recombination in terms of the 13-, 24-pair. Our
tetraquarks have the flavor structures given in Figure 1
and they are the same for |000〉, |011〉 by construction.
In order to find the fall-apart modes into the two vector
mesons, we start by writing the qq¯ representation for the
vector mesons,
us¯ = K∗+, ds¯ = K∗0, su¯ = K¯∗−, sd¯ = K¯∗0 ,
ss¯ = φ, uu¯ =
1√
2
(ω + ρ0), dd¯ =
1√
2
(ω − ρ0) ,
ud¯ = ρ+, du¯ = ρ− . (35)
Here the flavor mixing is assumed to occur ideally accord-
ing to Okubo-Zweig-Iizuka(OZI) rule so that the strange
quark is completely decoupled from the up and down
quarks among the two isoscalar members, φ, ω.
Now for the isovector members in our tetraquarks, we
have a+0 (980) in the light nonet and a
+
0 (1450) in the
heavy nonet 7. Both have the common flavor structure
[su][d¯s¯]. In the recombination into the 13-, 24-pair, it
becomes (sd¯)(us¯)− (ss¯)(ud¯). Using the identifications in
Eq. (35), we find the following two-vector modes common
for a+0 (980), a
+
0 (1450),
K¯∗0K∗+ − φρ+ . (36)
For the isodoublet members, we have K∗+0 (800) in the
light nonet and K∗+0 (1430) in the heavy nonet. Their
flavor structure, which is common for both, is [ud][d¯s¯]. If
it is rearranged into the quark-antiquark pairs, we find
(ud¯)(ds¯)−(us¯)(dd¯). Again the representation in Eq. (35)
leads to the two-vector modes common for K∗+0 (800),
K∗+0 (1430),
ρ+K∗0 − 1√
2
K∗+
[
ω − ρ0] . (37)
For the isoscalar members, we have two sets of reso-
nances. One set is f0(500), f0(1370), which are close to
7 We choose the positive-charged state here but our result should
be the same for the other isospin members as they are simply
related by isospin rotations.
the flavor octet members belonging separately to the two
nonets, and the other set is f0(980), f0(1500), which are
close to the flavor singlet members. The two resonances
in each set have the same flavor structure. The reason
why we call these resonances as “close to the octet or
singlet” is because they are subject to the flavor mixing
according to the OZI rule generalized to the four-quark
system 8. In other words, they are not definite members
of SU(3)f . The flavor mixing occurs among the light
nonet members, f0(500), f0(980), and similarly among
the heavy nonet members, f0(1370), f0(1500).
In this generalization of the flavor mixing, the isoscalar
resonances can be represented by linear combinations of
the ideal mixing states, |L〉 |H〉, defined by
|L〉 = [ud][u¯d¯] , (38)
|H〉 = 1√
2
{[ds][d¯s¯] + [su][s¯u¯]} . (39)
Namely, the flavor structure of the first set of resonances,
f0(500), f0(1370), is given by the combination
a|L〉+ b|H〉 , (40)
while the second set of resonances, f0(980), f0(1500),
have the flavor structure written by
−b|L〉+ a|H〉 . (41)
The flavor mixing parameters, a, b, can be fixed depend-
ing on how we implement the flavor mixing [38]. When
a =
√
2/3, b = −
√
1/3, we get the SU(3)f symmet-
ric case where there is no flavor mixing. When a = 1,
b = 0, we get the ideal mixing case, i.e., |L〉, |H〉. In this
case, the four-quark states containing strange quarks are
completely separated from those states composed only by
up and down quarks. The other case is the realistic case
with fitting (RCF) [38] where we fit the flavor mixing pa-
rameters by tuning them to reproduce the mass splitting
between f0(980), f0(1500) equivalent to their hyperfine
mass splitting. The flavor mixing parameters in RCF
have been determined to be
a = 0.8908, b = −0.4543 . (42)
Among the three cases, the physical isoscalar states in
each nonet must be the ones that diagonalize the full
Hamiltonian. Within our framework using the color-
spin interaction, VCS , the two isoscalars in each nonet
can be mixed and further diagonalization is necessary in
order to generate the physical states. In fact, one can
demonstrate that the ideal mixing states, |L〉, |H〉, are
the eigenstates that diagonalize the color-spin interaction
as 〈L|VCS |H〉 = 0. However, neither the SU(3)f sym-
metric case nor the ideal mixing case represent the real
situation for the isoscalars in the two nonets. In reality,
8 This type of generalization of OZI rule has been applied also to
pentaquarks [67].
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there could be additional interactions like the anomalous
term which is normally responsible for the mass splitting
between η and η′. Such an interaction may exist also
in our tetraquark system. But, according to our anal-
ysis for the decays into two pseudoscalar mesons [38],
some modes in the ideal mixing case or in the SU(3)f
symmetric case are found to be inconsistent with the ex-
perimental modes. Moreover, the anomalous interaction
introduces further ambiguity in the model as additional
parameters entailed in this interaction may not be es-
timated reliably. Instead, RCF includes such an inter-
action indirectly as the flavor mixing parameters here
are fitted to the physical mass difference of two isoscalar
resonances. The RCF result seems to give a more consis-
tent description of the two-pseudoscalar fall-apart modes
in comparison with the PDG data. So in our fall-apart
modes into two vector mesons, we will be considering this
realistic case only.
Now, the fall-apart modes for the isoscalar resonances
can be constructed from those for |L〉, |H〉 through
Eqs. (40), (41) with the mixing parameters given in
Eq. (42). In fact, the fall-apart modes for |L〉, |H〉 are
determined straightforwardly as
|L〉 ⇒ 1
2
[ωω − ρ · ρ] , (43)
|H〉 ⇒ ωφ− 1√
2
K
∗
K∗ , (44)
with the short-hand notations for the isovector and
isodoublet resonances defined by
ρ · ρ = ρ0ρ0 + ρ+ρ− + ρ−ρ+ ,
K
∗
K∗ = K∗−K∗+ + K¯∗0K∗0 .
Putting these modes into Eq. (40), we find the two-vector
modes for f0(500), f0(1370) as
a
2
ωω + bωφ− a
2
ρ · ρ− b√
2
K
∗
K∗ . (45)
Note that, due to the isospin factors, the ρ+ρ− coupling
is twice of the ρ0ρ0 coupling and the K∗−K∗+ coupling
is the same with the K¯∗0K∗0 coupling.
The two-vector modes from the other members,
f0(980) and f0(1500), are obtained from Eq. (45) sim-
ply by replacing a→ −b, b→ a,
− b
2
ωω + aωφ+
b
2
ρ · ρ− a√
2
K
∗
K∗ , (46)
because their flavor structure is given by Eq. (41) that
can be obtained from Eq. (40) with the same replace-
ments.
C. Total strengths of the fall-apart modes
Relative strengths of the fall-apart modes into two vec-
tor mesons can be obtained by combining the spin and
color recombination factor, Eq. (33) for the heavy nonet
and Eq. (34) for the light nonet, with the flavor recom-
bination factor, Eq. (36) for the isovectors, Eq. (37) for
the isodoublets, and Eqs. (45), (46) for the isoscalar res-
onances. They are given by
a+0 (980) :
{
K¯∗0K∗+ − φρ+
}
×
(
β
2
− α√
6
)
, (47)
a+0 (1450) :
{
K¯∗0K∗+ − φρ+
}
×
(
−α
2
− β√
6
)
, (48)
K∗+0 (800) :
{
ρ+K∗0 − 1√
2
K∗+(ω − ρ0)
}
×
(
β
2
− α√
6
)
, (49)
K∗+0 (1430) :
{
ρ+K∗0 − 1√
2
K∗+(ω − ρ0)
}
×
(
−α
2
− β√
6
)
, (50)
f0(500) :
{a
2
ωω + bωφ− a
2
ρ · ρ− b√
2
K
∗
K∗
}
×
(
β
2
− α√
6
)
, (51)
f0(1370) :
{a
2
ωω + bωφ− a
2
ρ · ρ− b√
2
K
∗
K∗
}
×
(
−α
2
− β√
6
)
, (52)
f0(980) :
{
− b
2
ωω + aωφ+
b
2
ρ · ρ− a√
2
K
∗
K∗
}
×
(
β
2
− α√
6
)
, (53)
f0(1500) :
{
− b
2
ωω + aωφ+
b
2
ρ · ρ− a√
2
K
∗
K∗
}
×
(
−α
2
− β√
6
)
. (54)
For each isospin channel, the flavor recombination fac- tor is the same for both nonets because the two nonets
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mode a+0 (980) a
+
0 (1450) ratio
I = 1 K¯∗0K∗+ −0.0449 −0.6439 14.33
φρ+ 0.0449 0.6439
mode K∗+0 (800) K
∗+
0 (1430) ratio
ρ+K∗0 −0.0408 −0.6442
I = 1/2 ρ0K∗+ −0.0289 −0.4555 15.78
ωK∗+ 0.0289 0.4555
mode f0(500) f0(1370) ratio
ρ0ρ0 0.0185 0.2869
I = 0 K¯∗0K∗0 −0.0133 −0.2069 15.54
(∼ 8f ) φω 0.0188 0.2927
ωω −0.0185 −0.2869
mode f0(980) f0(1500) ratio
ρ0ρ0 0.0100 0.1463
I = 0 K¯∗0K∗0 0.0276 0.4057 14.70
(∼ 1f ) φω −0.0390 −0.5737
ωω −0.0100 −0.1463
TABLE III. Here we present fall-apart modes into two-
vector channels and their relative coupling strengths from
the isovectors, a+0 (980), a
+
0 (1450), the isodoublets, K
∗+
0 (800),
K∗+0 (1430), the isoscalars close to the flavor octet, f0(500),
f0(1370), and the isoscalars close to the flavor singlet, f0(980),
f0(1500). The ratios of the two strengths are also shown. To
get the actual coupling strengths, a common unknown overall
factor is needed to be multiplied.
have the same flavor structure. So the fall-apart modes
from the heavy and light nonets differ by color and spin
recombination factors only.
The tetraquark mixing parameters, α, β, depend on
isospins and their numerical values can be found in Ta-
ble II. The flavor mixing parameters, a, b, are given in
Eq. (42). Using them, we present in Table III the nu-
merical values for the fall-apart coupling strengths from
all the resonances in the two nonets. It should be remem-
bered that these are the relative strengths and the actual
strengths are supposed to be multiplied by an unknown
overall constant. Table III clearly shows that the relative
strengths are enhanced for the heavy nonet while they
are suppressed for the light nonet. The ratios of the two
strengths, one from the light nonet and the other from
the heavy nonet, become huge numbers around ∼ 15 and
they do not suffer from the unknown overall constant.
One can also see that all the fall-apart modes in each
isospin channel yield the same ratio. The ratio is 14.33
for I = 1, 15.78 for I = 1/2, 15.54 for I = 0(∼ 8f ), and
14.70 for I = 0(∼ 1f). This is a direct consequence of
the fact that the two nonets have the same flavor struc-
ture. Namely, for each fall-apart mode, the heavy and
light nonets have the same flavor recombination factor
which is canceled away from the ratios. So the ratios are
fixed purely by the spin and color recombination factors
through Eq. (33) over Eq. (34).
This trend in the fall-apart strengths into two vector
mesons, namely the enhancement for the heavy nonet and
the suppression for the light nonet, is opposite to what
we have found for the two-pseudoscalar modes whose fall-
apart strengths are suppressed for the heavy nonet but
enhanced for the light nonet [37]. But both are the di-
rect consequences of the tetraquark mixing framework,
Eqs. (6), (7). So these features are very promising in dis-
tinguishing the tetraquark mixing framework from other
proposals for the two nonets in the literature. For the
case of the two-pseudoscalar modes, our results have been
tested relatively well for a0(980), a0(1450). That is, our
calculated ratios of partial decay widths were found to
reproduce successfully the experimental ratios [37]. This
leads us to expect that the additional trend in the two-
vector modes also exists as an actual phenomenon.
However, unlike to the two-pseudoscalar modes, the
two-vector modes are not directly accessible in most cases
due to kinematical constraints. Most two-vector pairs
from the fall-apart modes have invariant masses above
the threshold set by the resonance masses belonging to
the two nonets and, therefore, their partial widths can-
not be measured experimentally. Instead, most coupling
strengths presented in Table III can play a role of con-
straints when one constructs effective Lagrangians in-
volving the participating mesons, which then can be used
to investigate off-shell behaviors of the two nonets. They
can be investigated, for example, in a coupled-channel
analysis where the members in the two nonets appear in
the intermediate states.
Nevertheless, the two decay modes from the heavy
nonet, f0(1370) → ρρ, f0(1500) → ρρ, should be in-
teresting in comparison with experimental data. These
two modes barely satisfy the kinematical constraints and
provide indirect hints for the strength enhancement. Ac-
cording to PDG, f0(1370)→ ρρ is reported to be a dom-
inant mode among various modes in the f0(1370) → 4π
decays. Because of the invariant mass, 2Mρ ∼ 1551
MeV, this decay occurs rarely only from high tails of the
broad resonance f0(1370) and its partial width should
be suppressed strongly by the limited phase space. So
its dominance within the 4π decay modes is difficult to
understand unless there is a strong enhancement in the
coupling with some understandable mechanisms. Indeed,
the strong enhancement reported in Table III may pro-
vide one possible mechanism for this mode.
We have a similar enhancement for the f0(1500)→ ρρ
mode in Table III. The partial decay width of this mode
is also expected to be very small due to the limited
phase space and the fact that this decay occurs only
through the higher tail of the resonance width. PDG
lists this partial decay width with respect to the 4π par-
tial width [68], Γ(ρρ)/Γ(4π) ∼ 0.13, even though this
data have been omitted in extracting the resonance pa-
rameters in PDG, indicating perhaps that this measure-
ment needs further confirmation. Using the branching
ratio of Γ(4π)/Γtotal ∼ 0.5, the data leads to the partial
branching ratio, Γ(ρρ)/Γtotal ∼ 0.064. One can get even
larger branching ratio up to 0.4 if one uses the data for
Γ(ρρ)/Γ[2(ππ)S−wave] from Ref. [69] combined with the
other ratios given in PDG. Therefore, although a consen-
sus among the experimental data is lacking, we see that
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its branch ratio is not small, which can indirectly support
the strong enhancement of the coupling.
Of course, our statement here needs further verification
through other reaction mechanisms. One indirect way
is to look into the photoproduction of double K0S [70]
through the scalar resonances f0(980), f0(1500) where
f0ργ or f0ωγ vertices participate in the t-channel [71].
Through the vector-meson-dominance, these vertices can
be related to f0ρρ or f0ωρ which can be constrained by
our tetraquark mixing framework.
One may ask whether there are experimental supports
for the other two-vector modes with similar invariant
mass, f0(1370) → ωω, f0(1500) → ωω, whose couplings
are expected to enhance also in our tetraquark mixing
model. Currently in PDG, there is no ωω mode either
from f0(1370) or f0(1500). Apart from the experimental
difficulty in measuring ω in comparison with ρ, one can
understand the absence of this mode in two ways. First
of all, the invariant mass of ωω, which is 15 MeV larger
than ρρ, lies in even higher tail of the resonance width.
Also the ω decay width, ∼ 8 MeV, is much smaller than
the ρ decay width, ∼ 150 MeV. So the invariant mass of
ωω should be sharp giving it less chance to overlap with
the resonance width of f0(1370) or f0(1500).
VI. SUMMARY
In this work, we have investigated additional signa-
tures to support tetraquark mixing framework for the two
nonets in PDG, a0(980),K
∗
0 (800), f0(500), f0(980) in the
light nonet, a0(1450), K
∗
0 (1430), f0(1370), f0(1500) in
the heavy nonet. In our previous works, the tetraquark
mixing framework was tested through the hyperfine mass
splitting generating the experimental mass splitting be-
tween the two nonets relatively well. The predicted
fall-apart decay widths into two pseudoscalar mesons is
also found to be consistent with the experimental par-
tial widths as far as the isovector resonances, a0(980),
a0(1450), are concerned. To solidify this framework, we
collect more signatures to identify the two nonets as the
tetraquark nonets in SU(3)f . These include the Gell-
Mann–Okubo mass relation and the tetraquark mass or-
dering exhibited from masses of the two nonets. The
marginal mass ordering seen in the heavy nonet could
be another signature to support for the tetraquark mix-
ing framework. Also the tetraquark mixing parameters
are found to be independent of isospins suggesting that
the tetraquark mixing framework generates two flavor
nonets in SU(3)f which can phenomenologically match
the flavor structure seen in the two nonets in PDG. As
comparative models, we have examined the two-quark
picture with ℓ = 1 and pointed out that its simple ap-
plications are not consistent with the two nonets phe-
nomenologically. Alternatively the meson-meson bound
picture has been discussed also with its possible limita-
tions. We have emphasized that the fall-apart modes
and their different predictions on the strength between
the light and heavy nonets could be a unique feature to
distinguish the tetraquark models from the meson-meson
picture and possibly from other models as well. Indeed,
we have calculated the fall-apart coupling strengths into
two vector mesons with interesting predictions. In par-
ticular, the coupling strengths of the two-vector modes
are found to be enhanced strongly in the heavy nonet
while they are suppressed in the light nonet. Their cou-
pling ratios become huge numbers around ∼ 15. This
trend in the two-vector modes can provide another test-
ing ground for the tetraquark mixing framework. We
have discussed some experimental hints related to the
phenomena particularly from the resonances belonging
to the heavy nonet.
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